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Abstract 

We study symplectic deformation types of minimal symplectic fillings 
of links of quotient surface singularities. In particular, there are only 
finitely many symplectic deformation types for each quotient surface sin- 
gularity. 

1 Introduction 

In recent years, the geometry of contact structures on three manifolds has been 
a subject of intensive studies. In particular, tight contact structures have been 
the focus of interest. For instance, tight contact structures on lens spaces have 
now been classified by Giroux and Honda. The link L of an isolated surface 
singularity (V, O) provides examples of tight contact three manifolds. Namely, 
the complex tangency to the link gives a codimension one distribution ^ = 
TLr\J{TL) which is completely non-integrable, hence a contact structure. Here 
J is the complex structure ori V \0. Let tt: V ^ V he a. resolution of the 
singularity and U a neighborhood of O in 1/ such that dU = L. Then tt^^{U) 
is a so-called symplectic filling of (i, ^) and ^ is a symplectically fillable contact 
structure, which implies that ^ is tight by a theorem of Eliashberg and Gromov. 

It is also interesting to classify symplectic fillings of the links of certain 
classes of isolated surface singularities. For the case of cyclic quotient singular- 
ities of An i-type, McDuff classified symplectic deformation classes of minimal 
symplectic fillings [6]. H. Ohta and the second named author investigated the 
cases of simple singularities '9 and simple elliptic singularities [Tl]. Meanwhile, 
Lisca [3] presents a classification for the case of cyclic quotient singularities. In 
this paper, we study the case of quotient surface singularities C/F, where F is a 
finite subgroup of Gl{2; C). Note that this class contains all simple singularities, 
which is the case where F C Sl{2;C). Simple singularities are characterized as 
isolated surface singularities which are described by both quotient singularities 
and hypersurface singularities. Thus we can use both aspects in the argument. 
Namely, since they are quotient singularities, the link is a spherical space form. 
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In particular, they carry a metric of positive scalar curvature. This fact is one 
of main ingredients in 8 . They are also hypersurface singularities with explicit 
defining equations. This enables us to describe the compactifications of their 
Milnor fibres in appropriate weighted projective spaces (K. Saito). The results 
in [S] are some of the main ingredients in this paper. Since the situation here is 
more complicated than in the case of simple singularities, we have to study ratio- 
nal curves with negative self-intersection numbers carefully. The main theorem 
is the following. 

Theorem 1.1 A symplectic filling of the link of a quotient surface singularity 
is symplectic deformation equivalent to the complement of a certain divisor in 
an iterated blow-up of CP^ or CP^ x CP^ . 

A detailed description of the symplectic fillings is given later. In particular, 
we get finiteness of symplectic deformation types of minimal symplectic fillings 
for each quotient surface singularity. 

2 Preliminaries 

Our basic strategy is the following. Firstly, find an appropriate strong concave 
filling Y of the link of the singularity and glue it with a given symplectic filling 
X to get a closed symplectic 4-manifold Z. Secondly, use a rationality criterion 
for symplectic 4-manifolds in order to show that Z is rational. Thirdly, study 
how Y is embedded in the rational symplectic 4-manifold Z. Eventually, Y 
is chosen as a regular neighborhood of a certain divisor K in a, blow-up of a 
rational ruled surface. (We call K a compactifying divisor.) So the third step 
is replaced by the study of embeddings of K in Z. 

In this section, we present several facts which are necessary to carry out these 
steps. First of all, we recall some basic results for rational and ruled symplectic 
4-manifolds. 

Theorem 2.1 (McDuff [6j) Let {M,uj) be a closed symplectic A-manifold. If 
M contains a symplectically embedded 2-sphere C of nonnegative self-intersection 
number k, then M is either a rational symplectic A-manifold or a blow-up of a 
ruled symplectic A- manifold. In particular, ifk — (resp. 1), M becomes a ruled 
symplectic A-manifold (resp. the complex projective plane) after blowing down 
symplectic {—l)-curves away from C. 

Here a rational symplectic 4-manifold means a symplectic blow-up of the 
complex projective plane at some points, and a ruled symplectic 4-manifold 
means a 2-sphere bundles over an oriented surface with a symplectic structure 
which is nondegenerate on each fibre. Combining Theorem 2.1 and Taubes' 
theorem "SW=Gr" , we get the following. 

Theorem 2.2 (Ohta— Ono [7J, Liu [4j) Let {M,u!) be a closed symplectic 4- 
manifold such that J^^ ci(Af)Aw > 0. Then (Af, w) is either a rational symplectic 
A-manifold or a (blow-up of a) ruled symplectic A-manifold. 
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If the pseudoholomorphic curve C is singular, we have the following result as 
a byproduct of uniqueness of minimal symplcctic fillings of the link of a simple 
singularity 9j. 

Theorem 2.3 (Ohta— Ono [10] ) Let M be a closed symplectic A-manifold con- 
taining a pseudoholomorphic rational curve C with a {2,3)-cusp point. Suppose 
that C is nonsingular away from the (2,3)-cusp point. If the self-intersection 
number of C is positive, then M must be a rational symplectic A-manifold 
and is at most 9. Moreover, if M\C does not contain any symplectic (— 1)- 
curves, then C represents the Poincare dual to ci{M), that is, an anti- canonical 
divisor. When = 9, M = CP^ and C is a pseudoholomorphic cuspidal cubic 
curve. 

We call a homology class e G H2{M;Z) a symplectic (— l)-class if e is rep- 
resented by a symplectically embedded 2-sphere of self-intersection number —1. 
A symplectic (— l)-curve class is represented by a J-holomorphic sphere for a 
generic compatible (or tame) almost complex structure J. However, if we re- 
strict the class of compatible (or tame) almost complex structure, this may not 
be the case. Here we have the following (essentially Proposition 4.1 in "lU]). 

Proposition 2.4 Let M be a symplectic A-manifold and Ci, . . . , irreducible 
jQ-holomorphic curves in M with respect to a compatible (or tame) almost 
complex structure Jq . Suppose that each of Ci, . . . ,Ck is either nondegener- 
ate, singular or of higher genus. Then, for a generic J among compatible ( or 
tame) almost complex structures for which Ci, . . . ,Cfc are pseudoholomorphic, 
any symplectic {—l)-curve has a unique J -holomorphic representative. 

Here we call Ci nondegenerate if the linearized operator of the pseudoholo- 
morphic curve equation is surjective at C,;. Now we collect a series of observa- 
tions. 

If a pseudoholomorphic curve C intersects a (— l)-curve transversally. Lemma 4.1 
in [S] ensures that the image under the blowing down map is also pseudoholo- 
morphic with respect to a suitable almost complex structure. Transversality 
of intersections can be achieved by a small perturbation of the almost complex 
structure. 

Lemma 2.5 Let M be a closed symplectic A-manifold and L a symplectically 
embedded 2-sphere of self-intersection number 1. Then any irreducible singular 
or higher genus pseudoholomorphic curve C in M satisfies C ■ L > 2>. In par- 
ticular, neither an irreducible singular nor a higher genus pseudoholomorphic 
curve is contained in M \ L. 

Proof. If necessary, we perturb the almost complex structure slightly in such 
a way that the (— l)-curves do not pass through the singular points of C. We 
then blow down a maximal disjoint family of pseudoholomorphic (— l)-curves 
away from L. Here we can assume that L and C are also pseudoholomorphic 
with respect to the same almost complex structure (Proposition 12. 4|) . Then M 
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becomes the complex projective plane and L becomes a line. Since C is singular 
and irreducible or of higher genus, the image C has degree at least 3. Thus we 
have C-L = C- L>3. □ 

Lemma 2.6 Let M he a closed symplectic A-manifold and C a pseudoholo- 
morphic rational curve with a (2,3)-cwsp point as a unique singularity. Suppose 
that the self-intersection number of C is positive. Then neither an irreducible 
singular nor a higher genus pseudoholomorphic curve is contained in M \ C . 

Proof. Suppose that D is such a singular or a higher genus pseudoholomorphic 
curve. Let J be a compatible almost complex structure on M with respect to 
which C and D are pseudoholomorphic. By Proposition 12.41 we may assume 
that all symplectic (— l)-classes are represented by J-holomorphic (— l)-curves. 
We blow down a maximal family of J-holomorphic (— l)-curves in M \ C Thus 
we may assume that M \ C does not contain any symplectic (— l)-curves. By 
Theorem 12. 31 C is an anti-canonical divisor and we have ci{M)[D\ =0. If I? is 
singular or of higher genus, the adjunction formula tells us that D ■ D > 0. On 
the other hand, the intersection form on M \ C is negative definite. Hence [D] 
is homologous to zero, which is absurd. □ 

Lemma 2.7 Let M and C be as in Lemma \2. 61 Suppose that the self-intersection 
number of C is at least 2. Then there does not exist a pseudoholomorphic curve 
A such that A is either singular and irreducible or of higher genus and such that 
A-C^l. 

Proof. If such a curve A exists, we blow up M at the intersection point of A 
and C. Then the proper transform of A violates the conclusion of Lemma 12.61 
□ 

If the self-intersection number of C is 1, there exist singular or genus 1 
pseudoholomorphic curves A such that A ■ C = 1. In addition, if AI \ C is 
minimal, it turns out that A is homologous to C in M. 

Lemma 2.8 Let M be a closed symplectic 4 manifold and L a symplectically 
embedded sphere of self-intersection number 1. Then no symplectically embedded 
sphere of nonnegative self-intersection number is contained in M \ L. Pseudo- 
holomorphic (—1)- curves in M \ L are mutually disjoint. 

Lemma 2.9 Let M be a closed symplectic A-manifold and C an irreducible 
singular or higher genus pseudoholomorphic curve. Then no symplectically em- 
bedded sphere of nonnegative self-intersection number is contained in M \ C . 

Proof. Let A be a symplectically embedded sphere in M\C . Set k — A- A. If fc = 
1, the result follows from Lemma 1^31 If fc > 1, blow up M at fc — 1 points on A. 
The proper transform of A has self-intersection number 1 . So this case is reduced 
to the case where k = 1. If fc = 0, we blow down a maximal disjoint family 
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of pseudoholomorphic (— l)-curves away from A. Note that Proposition 12.41 
guarantees that these (— l)-curves and C are pseudoholomorphic with respect 
to the same almost complex structure. The blown-down manifold is a ruled 
symplectic 4-manifold and A is a fibre. Since C is singular and irreducible or 
of higher genus, its image C under the blowing down map is also singular and 
irreducible or of higher genus. Thus it is not a fibre of the ruling. Since fibres 
sweep out the whole space, C should intersect a fibre. This contradicts the fact 
that C-A = C-A = 0. □ 

Similarly, we get the following. 

Lemma 2.10 Let M be a closed symplectic A-manifold and C a singular pseudo- 
holomorphic curve. Then there is no symplectically embedded sphere A of non- 
negative self-intersection number such that A ■ C = 1. 

Proof. If k = A ■ A is positive, we blow up M at k points on A\C. So we may 
assume that fc = 0. We blow down a maximal disjoint family of pseudoholo- 
morphic (— l)-curves away from A to get a ruled symplectic 4-manifold. Then 
the image C of C under the blowing down map satisfies C ■ A = 1. However, 
there exists another fibre A' passing through a singular point of C, for which 
we have C ■ A' > 2. This is a contradiction. □ 

The following lemma is a consequence of Theorem 1 in [S] . 

Lemma 2.11 Let X be a symplectic filling of the link of a simple singularity. 
Then pseudoholomorphic (—1)- curves in X are mutually disjoint. 

Proof. Suppose that there are two pseudoholomorphic (— l)-curves E and E' 
which intersect each other. Contract E to get a symplectic manifold tt: X — > 
X'. Then the homology class 7r»[i?'] has nonnegative self-intersection number. 
Note that X' is also a symplectic filling of dX. This contradicts the fact that 
any symplectic filling of the link of a simple singularity has negative definite 
intersection form (Theorem 1 in 8J). □ 



Remark 2.12 In Lemma [2751 Lemma [2?6l and Lemma [27fl we showed the non- 
existence of higher genus pseudoholomorphic curves in the complement of a 
certain divisor D. These arguments also imply the non-existence of a cycle of 
pseudoholomorphic spheres in the complement of D. Indeed, a cycle of pseudo- 
holomorphic spheres is a stable map of genus 1. By gluing the adjacent compo- 
nents around the nodes we get an irreducible symplectically embedded surface 
of genus 1 which is pseudoholomorphic with respect to a compatible almost com- 
plex structure which coincides the original almost complex structure outside of 
a neighbourhood of the nodes. But Lemma 12.51 Lemma 12.61 and Lemma 12.71 
prohibit the existence of such a pseudoholomorphic curve of genus 1. 

Remark 2.13 In [9], we used the fact that the canonical bundles of the mini- 
mal symplectic fillings of the links of simple singularities are trivial. In the case 
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of types Eq, and Eg, we used K3 surfaces to find an appropriate compactifi- 
cation. This argument is also applied to cases of types An and D„ with n small. 
For general An and Z?„, this fact was shown by Kanda. Here we note that 
in the case of An and Dn, the compactification contains a pseudoholomorphic 
rational curve A of nonnegative self-intersection number. Hence Theorem 12.11 
due to McDuff implies that the compactification is a rational or ruled symplectic 
4-manifold. If it is ruled, the existence of a pseudoholomorphic cuspidal rational 
curve implies that it is not irrationally ruled. Hence the compactification is a 
rational symplectic 4-manifold. Since the pseudoholomorphic cuspidal curve is 
singular, Proposition 12.41 guarantees an almost complex structure with respect 
to which the cuspidal curve and a maximal family of (— l)-curves away from 
A are pseudoholomorphic. By Lemma 4.1 in [9], the cuspidal curve becomes 
pseudoholomorphic after blowing down. Since we know the final picture, we 
can conclude that the canonical bundle of the complement of the compactifying 
divisor is trivial. 

3 Quotient singularities 

We consider germs of quotient singularities (C^/G, 0), where G is a finite sub- 
group of Gl{2, C). It is known that every such quotient singularity is isomorphic 
to the quotient of by a small group G < Gl{2, C), where "small" means that 
G does not contain any reflections. Also, it is known that, for small groups 
Gi,G2, the singularity (C^/Gi,0) is analytically isomorphic to (C^/G2,0) if 
and only if Gi is conjugate to G2. Hence the problem of classifying quotient 
singularities (C^/G, 0) is reduced to the problem of classifying small subgroups 
of Gl{2, C) up to conjugation. Since G is finite, we may assume that G C U{2). 
The action of G on lifts to an action on the blow-up of at the origin: 
p: ^ . The exceptional divisor E is stable under the G action which is in- 
duced by G C U{2) PU{2) ^ 50(3). The image of G in 50(3) is (conjugate 
to) either a cyclic subgroup, a dihedral subgroup, the tetrahedral subgroup, the 
octahedral subgroup or the icosahedral subgroup. The quotient space C^/G has 
isolated singularities at p{E^). Each of them is a cyclic quotient singularity. 
The end result of this is in [2]. Briefly, quotient singularities can be divided 
into five families, namely: cyclic quotient singularities, dihedral singularities, 
tetrahedral singularities, octahedral singularities and icosahedral singularities. 
Presently, we describe the possible minimal resolutions that occur for quotient 
singularities together with compactifying divisors which are convenient from 
our point of view. The latter can be obtained by the method of McCarthy and 
Wolfson [5]. 

1. Cyclic quotient singularities, An^q, where < q <n and {n,q) — 1 
It is well-known that the minimal resolution of An^q is given by 
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-bi -bi -b,-i -br 

where the hi are defined by the Hirzebruch-Jung continued fraction: 

1 



- = [^1,^2, . . . ,6r] = &i 



1 



-, bi >2 for all i. 
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It is not difficult to check that the following configuration of curves gives a 
compactifying divisor for An^q. 




where the Ci are given by 
n 



n — q 



[ci, C2, . . . , Cfc], Ci > 2, for all i. 



2. Dihedral singularities, Dn,q, where 1 < q <n and {n,q) — 1 
The minimal resolution is given by 
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where 6, foi, z = 1, . . . , r are defined by 

Tl 

- ^[b,bi,...,br], b> 2, b, > 2, for all i. 
In this case, one can check that a compactifying divisor is given by 

^ 1 

-c+1 

-ci 

-2 -2 y 

-ck 

where c, Ci, i = 1, . . . , /c are given by 

TL 

= [c, ci, . . . , Cfc], c > 2, Q > 2, for all i. 

n ^ q 

3. Tetrahedral singularities, Tm, where m— 1,3,5 mod 6 

The dual resolution graphs and compactifying divisors are given in Table [T] 

4- Octahedral singularities, Om, where (m, 6) = 1 

The dual resolution graphs and compactifying divisors are given in Table [21 
5. Icosahedral singularities, Im, where (m, 30) = 1 

The dual resolution graphs and compactifying divisors are given in Tables [3] and 

13 

4 Compact ificat ion of symplectic fillings 

Let X be a symplectic filling of the link of a quotient surface singularity. With- 
out loss of generality, we may assume that X is minimal, that is, X does not 
contain any symplectically embedded spheres of self-intersection number — 1. 
Denote by F a regular neighbourhood of the compactifying divisor K presented 
in Section [3] We may take Y so that F is a strong concave filling of dY = dX 
(see [1], 0^). Gluing X and Y , we get a closed symplectic manifold Z. The clas- 
sification problem of symplectic fillings reduces to the symplectic deformation 
classification of the pair (Z, K). 
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Table 1: Dual resolution graphs and compactifying divisors for tetrahedral sin- 
gularities. 





Dual resolution graph 


Compactifying divisor 


m = 6(6- 2) + 1 


-2 < 










fo-3 




2 


3 


3 


-2 -2 -b -2 -2 


m = 6(6- 2) + 3 


-2 < 

• • 1 

-2 -2 


1 • 

b -3 


^ ^ / — b 3 
-2 -3 


m = 6(6- 2) + 5 


-2 < 

• 1 

-3 


1 

1 • 

b -3 


^ ^^^^ ^^^^ b 3 



4.1 Cyclic quotient singularities 

Let L, Ci, . . . , Cfc be a string of symplectically embedded 2-spheres in a closed 
symplectic 4-manifold M with L ■ L — 1, Ci ■ Ci = Vi {i = 1, . . . , k). Note that 
vi < and < {i = 2, . . . , A;). The main examples are the compactifying 
divisors for cyclic quotient singularities given in Section [3l Note also that M is 
a blow-up of CP^ by Theorem 12. II Firstly, we show the following. 

Lemma 4.1 Let J be a compatible (or tame) almost complex structure for 
which L, Ci . . . , Cfc are pseudoholomorphic. Then there exists at least one J- 
holomorphic {—\)-curve in M \ L. 

Proof. If one of the Ci {i > 2) is a symplectic (— l)-curve, there is nothing to 
prove. Suppose that none of the Ci ii > 2) are symplectic (— l)-curves. Since 
< 0, M is not minimal. So there are symplectic (— l)-curves in M \ L. 
After blowing them down we get the complex projective plane. Denote hy E a 
symplectic (— l)-curve in M \ L. If the homology class [E] is represented by a 
J-holomorphic sphere, we are done. Suppose that [E] is not represented by a 
J-holomorphic sphere. Pick a sequence of compatible almost complex structures 
Jn such that L is J„-holomorphic, [E] is represented by a J„-holomorphic sphere 
En and {Jn} converges to J. Then En converges to the image of a J-stable 
map. Let Ai,. . . ,Ai be its irreducible components. Since ci{M)[E] — 1, there 
is a component Aj with ci(Af)[74j] > 0. Note that Aj is disjoint from L. 
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Table 2: Dual resolution graphs and compactifying divisors for octahedral sin- 
gularities. 





Dual resolution graph 


Compactifying divisor 


m = 12(6-2) + 1 


-2 f 

-2 -2 -b -1 -2 -2 








fc-3 




2 


3 


4 


12(6 -2) + 5 


-2 1 
• 1 

-3 


1 • • • 

b -1 -1 -1 


^ / ^ — fo-3 
-2 V" 


m= 12(6 -2) + 7 


-2 ' 

• • 1 

-2 -2 


1 

1 • 

b -4 


^ ^ / — 6-3 

-2 -3 y 

/ -1 


m = 12(6-2) + 11 


-2 1 

• 1 

-3 


1 

1 • 

b -4 


^ ^^^^/^ b 3 
/ -1 



10 



Table 3: Dual resolution graphs and compactifying divisors for icosahedral sin- 
gularities. 





Dual resolution graph 


Compactifying divisor 


m ^ 30(5-2) + 1 


-2 -2 -h -2 -2 -2 -2 








h-i 




2 


3 


5 


m = 30(5 -2) + 7 


-2 ' 

• • 1 

-2 -2 


1 • • 

b -1 -3 


^ ^ / — b 3 
-2 -3 \ 


m = 30(&-2) + ll 


-2 f 

-3 -i -2 -2 -2 -2 


^ / / — h 3 

\-2 
-2 \ 


m = 30(&- 2) + 13 


-2 1 

• • 1 

-2 -2 


1 

1 • • 

b -3 -2 


— ~/~ 7^ ~/~ — 

\-3 

-2 -3 \ 


m = 30(6-2) + 17 


-2 ' 

• 1 

-3 


1 

1 • • 

b -2 -3 


^/ ^^^^^ ^^^^ h 3 


m = 30(6 -2) + 19 


-2 ' 

• • 1 

-2 -2 


1 

1 • 

b -5 


^/ ^/ — h 3 

-2 -3 y 

\/-2 
\-2 
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Table 4: Dual resolution graphs and compactifying divisors for icosahedral sin- 
gularities continued. 





Dual resolution graph 


Compactifying divisor 


m = 30(&-2) + 23 


-2 < 

• c 

-3 


1 • • 

h -3 -2 


^ b-i 


m = 30(&-2) + 29 


-2 f 

• i • 

-3 -b -5 


^ ^^^^^ b-i 

\J-1 
\-2 



(Otherwise, E ■ L must be positive.) If Aj is a multiply covered component, 
take the underlying reduced curve E' . Then Lemma 12.51 implies that Aj or E' 
is an embedded pseudoholomorphic sphere. Also, Lemma [2T8l implies that Aj or 
E' has self-intersection < 0. Since ci(M)[Aj] > 0, by the adjunction formula, 
Aj or E' is a J-holomorphic (— l)-curve. □ 

Now we study the compactifying divisors K of cyclic quotient surface sin- 
gularities. In fact, by successive blowing down, the compactifying divisor is 
reduced to two complex projective lines in the complex projective plane as 
Lisca claimed in |3] . Here we give a proof based on Lemma 14.11 for the sake of 
completeness. 

We call a configuration V = L U Ci U ■ ■ ■ U Ck of rational curves admissible 
(for symplectic fillings of links of cyclic quotient singularities) if it is the total 
transform of two distinct lines in CP^ under some iterated blow-up. Suppose 
that A/ \ (i U Ci U • ■ • U Cfc) is minimal. Denote by J7b the set of compati- 
ble almost complex structures with respect to which V = L IJ Ci U ■ ■ ■ U Ck is 
pseudoholomorphic. We will blow down a maximal family {Ei} of pseudoholo- 
morphic (— l)-curves in M \ L to reduce the configuration of rational curves to 
an admissible configuration. Note that these (— l)-curves are mutually disjoint 
(Lemma [2^. 

Proposition 4.2 Let J be a compatible almost complex structure, which is 
generic in JTp. Denote by M' the symplectic A-manifold obtained by blowing 
down all J-holomorphic {—l)-curves {-Ej} away from L and by C[ the image of 
Ci. Then {L, C'j} is an admissible configuration for a symplectic filling of a link 
of cyclic quotient singularity. 
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Proof. Firstly, we note that any pseudoholomorphic (— l)-curve in M' \ L is 
one of the C- {i > 2). Indeed, assume to the contrary that there is a pseudo- 
holomorphic (— l)-curve E in M' \ L which is not one of the C^'. Perturbing the 
almost complex structure slightly, we may assume that E does not pass through 
the images of the blown-down (— l)-curves Ej. Hence we may assume that E 
is actually a pseudoholomorphic (— l)-curve already in M \ L which contradicts 
the maximality of {Ej}. 

Next, we note that each C'^ is embedded. It is enough to show that each Ej 
intersects exactly one of Ci with Ej ■ Ci = 1. Perturbing the almost complex 
structure away from D, we may assume that Ej intersects any Ci transversally. 
Suppose that Ej intersects Ci such that Ej ■ d > 2. After contracting Ej, 
Ci becomes a nodal curve, which is singular. The existence of such a curve is 
prohibited by Lemma 12.51 Similarly, Lemma 12.51 and Remark 12.121 exclude the 
possibility that Ej intersects at least two of the C^'s. 

Thus Lemma |4T] implies that one of the C'i is a symplectic (— l)-curve. After 
blowing it down, we get a new configuration of rational curves HJC"U- ■ -UC^Lj^. 
Let M" denote the resulting ambient symplectic 4-manifold. 

We claim that there are no symplectic (— l)-curves in M" \ L except for 
some of the C". Suppose that E is such a pseudoholomorphic (— l)-curve. A 
similar argument as above shows that E can be lifted to a pseudoholomorphic 
(— l)-curve in AI \ L. This contradicts the maximality of {Ej}. 

Continuing this process, we can successively blow down (— l)-curves to get 
the complex projective plane and Ci transformed to a complex projective line 
L' transversal to L. The other d are contracted to a point on L' . □ 

4.2 Dihedral singularities 

Let M be a closed symplectic 4-manifold containing a configuration of symplec- 
tically embedded 2-spheres intersecting in the manner shown in the first picture 
in Figure [TJ Here c, Ci > 2, i = 1, . . . , /c. By a sequence of blow-downs and a 
blow-up, as in [9] in the simple dihedral case, we can transform this configura- 
tion into a configuration containing a cusp curve (see Figure [ij. Let M denote 
the resulting ambient manifold. 

To obtain a classification of fillings of links of dihedral singularities we pro- 
ceed via a process of blowing down symplectic (— l)-curves in M. Using the 
results of [S] , we know that the complement of a regular neighbourhood of the 
union of the 0-curve A and the cusp curve D, in the final picture in Figure [TJ 
gives a symplectic filling of the link of the simple dihedral singularity I?c+i- 
When c = 2, = ^3 and the argument for simple dihedral singularities also 
works for the Aa-singularity. It follows that M, and hence M, is in fact rational. 

Consider now, generally, a closed symplectic 4-manifold Z containing a con- 
figuration of rational curves 2? = A U I? U Ci U • • • U Cfc as depicted in Figure [21 
Here _D is a singular curve with a (2,3)-cusp, A is an embedded 0-curve in- 
tersecting D at the cusp point and Ci,...Cfc are embedded curves. By [TU], 
D ■ D <8. Also, by Lemma [2:91 and Lemma [2l0l • < -1 for all i. 
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Figure 1: Sequence of blow-downs and a blow-up transforming the compact- 
ifying divisor of a dihedral singularity into a configuration containing a cusp 
curve 
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A 




D Ci Ci Q 



Figure 2: General configuration of rational curves considered in case of sym- 
plectic fillings of links of dihedral singularities 

Lemma 4.3 Assume that the string Ci, . . . , Ck is nonempty. Let J be a com- 
patible almost complex structure for which A, D, Ci, . . . , Cfc are pseudoholo- 
morphic. Then Ci is a {—l)-curve or there exists a J -holomorphic {~l)-curve 
in Z\{AUD). 

Proof. First suppose that the complement of AUD is minimal. If D-D < 5, then 
we know from [9] that the anti-canonical class of Z is represented by D. Since 
Ci - D = 1 it follows that Ci is a (— l)-curve. li D ■ D > 6, then, after blowing up 
3 points on the smooth part of D, away from Ci, denote the proper transform 
of D by D, the blow up oi Z hy Z and the exceptional curves by ei, 62, 63. Then 
D ■ D < 5. If the complement oi AlJ D is minimal then Ci is a (— l)-curve and 
we are done. If there exists a (— l)-curve E in Z \ {AU D), then we claim that 
E is disjoint from the exceptional curves 61,62,63. To see this, note that, by 
Proposition 12. 4i we may assume that A, l), 61, 62, 63, are pseudoholomorphic 
with respect to some compatible almost complex structure J. Suppose that 
E ■ Ci > 1 for some i. Then, after blowing down E, the image of Ci is either a 
singular pseudoholomorphic curve which intersects D once only, contradicting 
Lemma 12.71 or is an embedded pseudoholomorphic 0-curve intersecting D once 
only, contradicting Lemma 12.101 Thus E exists as a symplectic (— l)-curve in 
Z\{ALID), contradicting the minimality of the latter. Thus this case does not 
occur. 

Suppose now that Z\ (AUD) is not minimal. Then there exists a symplectic 
(— l)-curve i? in Z \ U D). If [E] is represented by a J-holomorphic curve, 
we are done. If [E] can not be represented by a J-holomorphic curve, then pick 
a sequence of tame almost complex structures J„ converging to J such that [E] 
is represented by a J„-holomorphic curve En for each n. By the compactness 
theorem, after taking a subsequence, £'„ converges to the image of a stable map. 
Let Ai,. . . ,Ai denote the irreducible components of this stable map. Arguing 
as in the proof of Proposition 4.1 in [lOj, it can be shown that none of the A^'s 
coincides with (or multiply covers) D. Hence it also follows that none of the A^'s 
intersects D. Note also that Aj is disjoint from A. Since ci{Z)[E] = 1, it follows 
that ci{Z)[Aj] > for some j. By replacing Aj by the underlying simple curve, 
if Aj is multiply-covered, assume that Aj is a simple curve. By Lemma 12.61 Aj 
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is an embedded J-holomorphic sphere. Also, by Lemma ?IM Aj ■ Aj < 0. By 
the adjunction formula, it now follows that Aj is a J-holomorphic (— l)-curve. 

□ 

In general, we call a configuration of rational curves V = A U D \J Ci U 
• • • U Cfe as in Figure [21 in a closed symplectic 4-manifold Z, admissible (for 
symplectic fillings of links of dihedral singularities) if it can be obtained as the 
total transform of an iterated blow-up of either: 

(a) a union of a cuspidal rational curve of bi-degree (2, 2) and a 0-curve inter- 
secting only at the cusp point in the ruled surface CP^ x CP^, or 

(b) a union of a singular rational curve representing the class 3CP^ — L and a 
0-curve intersecting only at the cusp point in the one-point blow-up of CP^ , 
where L represents the exceptional curve of the blow-up. 

We call AU D \J Ci U ■ ■ ■ U Ck a pre- admissible configuration if it becomes 
admissible after possibly blowing down some (— l)-curves intersecting only D. 

Assume now that M\(AUi?UCiU - • - UCfe) is minimal. The following propo- 
sition shows that after blowing down a maximal family of pscudoholomorphic 
(— l)-curves in M\{AiJ D) the configuration A U Z? U Ci U • • • U C/c is reduced to 
a pre-admissiblc configuration. Note that by Lemma [2.111 these (— l)-curves are 
necessarily disjoint. Note also that these (— l)-curves, if they are not contained 
in the string Ci, . . . ,Cfe, can intersect it at most once, that is, for any such 
(— l)-curve E^^E ■ Ci <1. Indeed, suppose that there is a (— l)-curve E such 
that 'Y^E ■ Ci > 1, then after contracting E we get either a singular pscudo- 
holomorphic curve or a cycle of pscudoholomorphic spheres whose intersection 
number with A is 0. This contradicts Lemma and Remark 12.121 Now let Jc 
denote the set of compatible almost complex structures with respect to which 
C — AU D U Ci U ■ ■ ■ U Ck is pscudoholomorphic. 

Proposition 4.4 Let J be a compatible almost complex structure which is generic 
in Jc- Denote by M' the symplectic A-manifold obtained by blowing down all 
J-holomorphic (—l)-curves in M \ {A(J D) and by C[ the image of Ci. Then 
{A, D, Cj'} is a pre- admissible configuration for a symplectic fillings of a link of 
a dihedral singularity. 

Proof. By Lemma l473l there exists a (— l)-curve in M' \ U D). We claim that 
this (— l)-curve must be one of the C^'. Suppose that it is not. Then it can 
intersect only one of the C'^ at exactly one point transversally. Hence it must 
already have been in M\{A\J D) contradicting the fact that we blew down all 
such (— l)-curves. We now blow down this curve to obtain a new configuration 
{A, D' ,C^} . If the string {C"} is not empty, we can argue in a similar way 
to show that it must also contain a (— l)-curve. Blowing down this (— l)-curve 
also and continuing in this way we can show that the whole string {C-} can 
eventually be blown down. Thus we get the compactification of the symplectic 
filling of the link of a simple dihedral singularity or the Aa-singularity in [9] , after 
blowing up, if necessary, at most 3 points on the smooth part of the image of D. 
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(In [5] , we dealt with the As-singularity as one of the A„-singularities not as the 
"-Ds-singularity" . However, the argument for the dihedral case does work for 
the D3 = ^3-case.) In fact, we can see that there are pseudoholomorphic (— 1)- 
curves, which intersect D once transversally. After contracting them, we get the 
configuration of type (a) or (b). As we have noticed before, these (— l)-curves 
eventually exist in the original manifold M . Changing the order of the blowing 
down processes, we find that {A, D, C,'} is a pre-admissible configuration. □ 

4.3 Tetrahedral, octahedral and icosahedral singularities 

For the purposes of classification of symplectic fillings of tetrahedral, octahedral 
and icosahedral singularities, it is convenient to divide these singularities into 
two sets: those with a branch consisting of two (— 2)-curves intersecting the 
central curve in the minimal resolution and those with a branch consisting of a 
single (— 3)-curve intersecting the central curve. We designate these singularities 
as type (3, 2) singularities and type (3, 1) singularities respectively. There is 
exactly one class of quotient singularities which lies in both sets, namely the 
tetrahedral singularities Tg(;,-2)+3- 

We begin by discussing the classification of fillings of type (3, 2) singular- 
ities. Note that, given a singularity F of type (3,2), we can always choose a 
compactifying divisor such that its central curve has self-intersection number 
— 1. Namely, if 6 = 2, the central curve given in Section 2 is a (— l)-curve. If 
6 > 3, we blow up the compactifying divisor given earlier at the transversal 
intersection of the central curve and the third branch, that is, the branch that 
does not consist of a single (—2)- or (— 3)-curve (except in case F — r6(b-2)+ij 
in which case we blow up at the intersection of the central curve and one of the 
(— 3)-curves), repeatedly until the self- intersection number of the central curve 
has dropped to —1. Now let M be a closed symplectic 4-manifold containing a 
configuration of symplectically embedded 2-spheres intersecting in the manner 
shown in the first picture in Figured Here a > 1 and > 2 for i — 1, . . . , /c. 
Note that a = 1, when 6 > 3. When & = 2, 2<a<5 (see Tables 1, 2, 3). 
It will be convenient to transform this configuration of symplectically embed- 
ded 2-spheres into one containing a cusp curve. We achieve this by a sequence 
of blow-downs, as in the cases Ee,ET,Es in p] (see Figure [3]). Let M denote 
the resulting closed symplectic 4-manifold, D the cusp curve and Ci,...,Cfe 
the string of curves attached to D. As the self-intersection number of the cusp 
curve D is always positive, we can immediately conclude, by the main theorem 
in [To], that M, and hence M, is a rational symplectic manifold. 

Consider now, generally, a closed symplectic 4-manifold Z containing a con- 
figuration of rational curves 2? = I? U Ci U • • ■ U as depicted in Figure SI Here 
D is a singular curve with a (2, 3)-cusp and Ci, . . . are embedded curves. By 
[TD], r> • -D < 9. Also, by LemmaHHand LemmaHITOl ■ C, < -1 for all i. 

Lemma 4.5 Assume that the string Ci, . . . , Cfc is nonempty. Let J be a com- 
patible almost complex structure for which Z?, Ci, . . . , Cfc are pseudoholomorphic. 
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Figure 3: Sequence of blow-downs transforming the compactifying divisor of a 
tetrahedral, octahedral or icosahedral singularity of type (3, 2) into a configu- 
ration containing a cusp curve 
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D Ci C2 Q 



Figure 4: General configuration of rational curves considered in case of sym- 
plectic fillings of links of tetrahedral, octahedral and icosahedral singularities of 
type (3, 2) 

Then Ci is a {~\)-curve or there exist a J -holomorphic {—!)- curve in Z \ D. 

Proof. Suppose that the complement of D is minimal and D ■ D < 5. Then, 
from [9], we know that an anti-canonical divisor is given by _D. It follows that 
Ci is a (— l)-curve. The remainder of the proof proceeds in a similar way to the 
proof of Lemma 14.31 □ 

In general, we call a configuration of rational curves V ~ D (J Ci U ■ ■ ■ U Ck 
as in Figure |4l in a closed symplectic 4-manifold Z, admissible (for symplectic 
fillings of links of tetrahedral, octahedral and icosahedral singularities of type 
(3, 2)) if it can be obtained as the total transform of an iterated blow-up of 
the cuspidal cubic curve in CP^, or of the cuspidal curve of bi-degree (2,2) 
in CP^ X <CP^. In [S], we can always blow down a maximal family of (— 1)- 
curves to get a cuspidal cubic curve in CP^. In fact, if 62 (Af) > 3, one can 
also contract another maximal family of (— l)-curves to get CP^ x CP^. In 
our present situation, we do not blow down (— l)-curves intersecting both D 
and some Ci. Hence we may not arrive at CP^ but at CP^ x CP^. Again, we 
call such a configuration pre- admissible if it becomes admissible after possibly 
blowing down some (— l)-curves intersecting only D. 

Now assume that M\{D\JCiU- ■ -UCk) is minimal. The following proposition 
shows that after blowing down a maximal family of pseudoholomorphic (— 1)- 
curves in M \ D the configuration 13 U Ci U ■ • ■ U is reduced to a pre-admissible 
configuration. By Lemma r2.1H these (— l)-curves are necessarily disjoint. Also, 
these (— l)-curves, if they are not contained in the string Ci, . . . ,Ck, can inter- 
sect it at most once. Indeed, suppose that there is such a (— l)-curve E such 
that 'Y^E ■ Ci > 2, then, after contracting E, the image of all the curves Ci 
contains a singular pseudoholomorphic curve or a cycle of pseudoholomorphic 
spheres. This contradicts Lemma [2.61 Lemma [2.71 or Remark 12.121 thus prov- 
ing the assertion. (Note that for type (3, 2) singularities F for which the string 
Ci, . . . , Cfe is nonempty, the self-intersection number D ■ D > 3.) In summary, 
after contracting such a pseudoholomorphic (— l)-curve, we again get a config- 
uration consisting of D and a string of embedded spheres. We can prove the 
following proposition in a similar way to the proof Proposition 14.41 Let Jc 
denote the set of compatible almost complex structures with respect to which 
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C — D U Ci U ■ ■ ■ U Ck is pseudoholomorphic. 

Proposition 4.6 Let J be a compatible almost complex structure which is generic 
in Jc- Denote by M' the symplectic 4-manifold obtained by blowing down all 
J -holomorphic {—\)-curves in M\T> and by C[ the image ofCi. Then {D,C'^} 
is a pre- admissible configuration for a symplectic filling of a link of a tetrahedral, 
octahedral or icosahedral singularity of type (3, 2). 

We now turn to the classification of fillings of type (3, 1) singularities. Again, 
given a singularity F of type (3,1), as in the case of type (3,2) singularities, 
we can always choose a compactifying divisor whose central curve has self- 
intersection number —1. Namely, as before, when 6 > 3, we blow up the 
compactifying divisor given earlier at the transversal intersection of the cen- 
tral curve and the third branch, that is, the branch that does not consist of one 
or two (— 2)-curves (except in case V — T'6(h_2)+5, in which case we blow up 
at the intersection of the central curve and one of the branches consisting of 2 
(— 2)-curves), repeatedly until the self-intersection number of the central curve 
has dropped to —1. Now let M be a closed symplectic 4-manifold containing a 
configuration of symplectically embedded 2-spheres intersecting in the manner 
shown in the first picture in Figure [S) Here a > 1 and > 2 for i = 1, . . . , A:. 
Again it will be convenient to transform this configuration of symplectically 
embedded 2-spheres into one containing a cusp curve. We achieve this by a 
sequence of blow-downs and a blow-up (see Figure O. Let M denote the result- 
ing closed symplectic 4-manifold, D the cuspidal curve, A the 0-curve, B the 
(— l)-curve and Ci, . . . , Cfc the string of curves intersecting D. Since the com- 
plement of a regular neighbourhood of A U I? is a symplectic filling of a simple 
dihedral singularity or A^, it follows, by the results of [9], that M, and hence 
M, is a rational symplectic 4-manifold. Note that A^ can be also treated as a 
simple dihedral singularity "D3" . Let Jc denote the set of compatible almost 
complex structures with respect to which C = ^Ui3U-DUCiU---UCfe is 
pseudoholomorphic . 

Lemma 4.7 Let J be generic in Jc- Then there exists a J -holomorphic (— 1)- 
curve E in M \ (A U D) such that B ■ E = 1. Moreover, such a curve E is 
unique. 

Proof. Let jTb denote the set of compatible almost complex structures with re- 
spect to which T> — AUBUD is pseudoholomorphic. By ProDOsition l2. 41 applied 
to the curves ^ U -B U D, for a generic almost complex structure J' G Jt>, any 
symplectic (— l)-curve in M has a unique J'-holomorphic representative. In par- 
ticular, for any maximal disjoint family Ei, . . . , Ej^ of symplectic (— l)-curves 
in the complement of A U D, we have a unique family of J'-holomorphic rep- 
resentatives E[, . . . , E'^. It follows, by the results of [9J, that an anti-canonical 
divisor of M is given hy D-J2 ^l- Now since ci{M)[B] = 1 and B ■ D = 2, it 
follows that there is exactly one E'^ such that B ■ E[ — 1 and B ■ E'j — ii j ^ i. 
Assume, without loss of generality, that B ■ E[ = 1. Now consider a sequence 
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Figure 5: Sequence of blow-downs and a blow-up transforming the compactify- 
ing divisor of a tetrahedral, octahedral or icosahedral singularity of type (3, 1) 
into a configuration containing a cusp curve 
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D Ci 



Figure 6: Image of compactifying divisor after blowing down the (— l)-curve E 
in Case I 

of generic almost complex structures J„ G Jv converging to J such that [E'-^\ 
is represented by a J„-holomorphic curve i3„ for each n. By the compactness 
theorem, Bn converges to the image of a stable map. Let Ai, . . . ,Ai denote the 
irreducible components of this stable map. By the proof of Proposition 4.1 in 
[To] , no component of this stable map coincides with (or is a multiple cover of) 
D. Hence, in particular, no component can intersect D. Since [B\ ■ [E[] = 1, 
there is a component Ai such that Ai ■ B = 1. It follows that Ai is a sim- 
ple curve. Since Ai is disjoint from by Lemma 12.91 Ai is rational curve of 
negative self intersection. Now the fact that J is generic away from the config- 
uration C allows us to conclude that Ai is in fact a (— l)-curve. (The virtual 
dimension of the moduli space of singular pseudoholomorphic curves of nega- 
tive self- intersection number is negative.) Taking E = Ai gives the required 
J-holomorphic (— l)-curve. 

If E and E' are pseudoholomorphic (— l)-curves such that E ■ B — E' ■ B = 1, 
then, for a generic J' £ Jd , both [E] and [E'] are represented by J'-holomorphic 
(— l)-curves. By Lemma [2.11[ they are mutually disjoint and we may assume 
that E and E' are contained in {E[, . . . ,E'j^}. However, as we saw, there is 
exactly one E'^ such that B ■ E[ — 1. Hence we find uniqueness, that is, E ~ E' . 
□ 

Note that E can intersect at most one of the C^'s (see Remark 12. 12p . In a 
similar way, E ■ Ci = 1 \i E intersects Ci. There are now two cases to consider: 
the case where E is disjoint from the string Ci, . . . ,Ck and the case where E 
intersects precisely one member of the string Ci, . . . , Cfe. 

Case I: E ■ Ci = for all i 

In this case, blow down the (— l)-curve E and denote the image of B under the 
blowing down map by B'. Then B' is a 0-curve and the resulting configuration 
C = A U B' U £> U Ci U ■ • ■ U Cfc is as in Figure [6l Let M' denote the resufting 
symplectic 4-manifold. We will show that, after blowing down (— l)-curves in 
M' \ {A\J B' \J D), the string Ci, . . . ,Ck is transformed into one which can be 
sequentially blown down. 
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Figure 7: General configuration of rational curves considered in case of case I 
symplectic fillings of links of tetrahedral, octahedral and icosahedral singularities 
of type (3, 1) 

Consider, generally, a closed symplectic 4-nianifold Z containing a configu- 
ration of rational curves I? = ^Ui3Ul?UCiU---UC/c as depicted in Figure [7l 
Here D is a singular curve with a (2, 3)-cusp, A and B are embedded 0-curves 
intersecting transversely at the cusp point of D and Ci, . . . , are embedded 
curves. By [10], D • L» < 8. Also, by Lemma [2Jl and Lemma [2:T01 • C, < -1 
for all i. 

Lemma 4.8 Assume that the string Ci, . . . , C'k is nonempty. Let J be a com- 
patible almost complex structure for which A, B, D,Ci, . . . , Ck are pseudoholo- 
morphic. Then Ci is a (—l)-curve or there exist a J -holomorphic [~\)-curve 
in Z\{AU BU D). 

Proof. Suppose that the complement of A U BUZ? is minimal and D D < 5, then 
it follows from [9] that an anti-canonical divisor of Z is given hy D. It follows 
that Ci is a (— l)-curve. The remainder of the proof proceeds in a similar way 
to proof of Lemma nisi D 

In general, we call a configuration of rational curves T> — A \J B IJ D U 
Ci U • • • U Cfe as in Figure [3 in a closed symplectic 4-manifold Z, admissible 
(for case I symplectic fillings of links of tetrahedral, octahedral and icosahedral 
singularities of type (3, 1)) if it can be obtained as the total transform of an 
iterated blow-up of a union of a cuspidal rational curve of bi-degree (2, 2) and 
two 0-curves intersecting transversely at its cusp point in CP^ x CP^. Again, we 
call such a configuration pre- admissible if it becomes admissible after possibly 
blowing down some (— l)-curves intersecting D only. 

Assume now that M' \ U U D U Ci U • • • U Cfc) is minimal. The following 
proposition shows that after blowing down a maximal family of (— l)-curves in 
M' \ (A U B' U D) the configuration C = A U B' U U Ci U ■ • ■ U Cfe is reduced to 
a pre-admissible configuration. Note that, by construction, C2, ■ ■ ■ ,Ck are not 
(— l)-curves and that Ci intersects D. By Lemma [2.91 these (— l)-curves are 
necessarily disjoint. Again, by Lemma 12.61 Lemma 12.71 and Remark 12.121 any 
such (— l)-curve, if it is not contained in the string Ci, . . . ,Ck, can intersect it 
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Figure 8: Image of compactifying divisor after blowing down the (— l)-curve E 
in Case II 

at most once. Let J^c' denote the set of compatible almost complex structures 
with respect to which all the irreducible components of the configuration C are 
pseudoholomorphic. 

Proposition 4.9 Let J be a compatible almost complex structure which is generic 
in Jc ■ Denote by M" the symplectic A-manifold obtained by blowing down all 
J -holomorphic {—\)-curves in M'\{A[jB'yjD) and by C- the image oj Ci. Then 
{A^ B' , D, Cj'} is a pre- admissible configuration for a case I symplectic filling of 
a link of a tetrahedral, octahedral or icosahedral singularity of type (3, 1). 

Case II: E ■ d ~ 1 for some i 

Again, begin by blowing down E. Denote the resulting symplectic 4-manifold 
by M', the image of B by B' and the image of Cj by for j = 1, . . . , /c. 
Then B' is a 0-curve, C- ■ C- = —Ci + 1 and the resulting configuration C = 
^ U B' U Z) U C( U • • • U is as in Figure [51 As in other cases, we blow down 
some pseudoholomorphic (— l)-curves and reduce the compactifying divisor to 
a standard form. For each pseudoholomorphic (— l)-curve F in the complement 
of A U B' , F intersects at most one of the . Moreover their intersection num- 
ber is 1. After contracting such (— l)-curves, C( . . . , remain symplectically 
embedded spheres, whose dual graph is a string. The image C- of (j ^ i) 
is contained in the complement of AiJ B\ hence has negative self-intersection 
number. Note that F may also intersect D. In such a case, we have F ■ D = 1. 
li F ■ D > 1, after contracting F, the image of D contains at least two singular 
points. However, the intersection with A (resp. B') remains the same. Thus, 
after contracting other (— l)-curves in the complement of AVJ B' , the image of 
D should represent a homology class of bi-degree (2, 2). This is absurd. 

Consider now, generally, a closed symplectic 4-manifold Z containing a con- 
figuration of rational curves T> — AUiJUDUCiU - • - UCfe intersecting each other 
as in Figure [9l however with the possibility that there might be more intersec- 
tions between the string Ci , . . . , Cfc and the singular curve D than indicated in 
the figure. Here D is & singular curve with a (2, 3)-cusp, A and B are embedded 
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Figure 9: General configuration of rational curves considered in case of case II 
symplectic fillings of links of tetrahedral, octahedral and icosahedral singularities 
of type (3, 1) 

0-curves intersecting transversely at the cusp point of D and Ci,...,Cfe are 
embedded curves. By jTOj, D ■ D < 8. Also, by Lemma [2.91 and Lemma [2 .101, 
Cj -Cj <-l for aU j. 

Lemma 4.10 Let J be a compatible almost complex structure for which the 
irreducible components of the configuration V are pseudoholomorphic. Then 
there exist a J -holomorphic {—l)-curve in Z\{AUB), unless fc = 1, Ci ■ Ci = 
and D-D = 8. 

Proof. By [9|, we know that after collapsing a maximal family of (— l)-curves 
in the complement oi AU B the manifold Z is reduced to CP^ x CP^ with 
the image D being a pseudoholomorphic cuspidal rational curve of bi-degree 
(2,2). If fc > 1, there are at least two Cj, one of which is contained in the 
complement of j4 U -B. Hence its self-intersection number is negative. Suppose 
that Ci is the only member of the string and Ci ■ Ci ^ 0. Since Ci does not 
intersect A, the self-intersection number of Ci must be negative. Otherwise 
the self-intersection number of D is less than 8. In each case, we find that the 
complement of v4 U -B is not minimal. The proof now proceeds in a similar way 
to the proof of Lemma [43l □ 

In general, we say that a configuration of rational curves V — AiJ B iJ D ^ 
Ci U • ■ • U Cfe in a closed symplectic 4-manifold Z, where AU B U D are as in 
Figure[9]and Ci, . . . , Cfc is a string of embedded curves, is admissible (for case II 
symplectic fillings of links of tetrahedral, octahedral or icosahedral singularities 
of type (3, 1)) if it can be obtained as a total transform, under an iterated blow- 
up, of a configuration V — AVJBVJCVJD' in CP^ x CP^, intersecting as depicted 
in Figure [TOl Here D' is a cuspidal rational curve of bi-degree (2, 2) and A, B, C 
are ruling fibres. (Note that D necessarily intersects the string Ci U ■ ■ ■ U Ck 
twice in an admissible configuration). 

Assume now that the complement of the configuration C — A U B' U D U 
C'l U ■ ■ ■ U C'l^ in M' is minimal and let J^c' denote the set of compatible almost 
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Figure 10: Arrangement of curves in CP^ x CP^ giving rise to admissible con- 
figurations for case II symplectic fillings of links of tetrahedral, octahedral or 
icosahedral singularities of type (3, 1) 

complex structures with respect to which C is pseudoholomorphic. 

Proposition 4.11 Let J be a compatible almost complex structure which is 
generic in J'c . Denote by M" the symplectic A-manifold obtained by blowing 
down all J -holomorphic (—1)- curves in M' \ {AU B') , by D' the image of D and 
by C'l the image of C[. Then {A, B\D' is an admissible configuration 
for a case II symplectic filling of a link of a tetrahedral, octahedral or icosahedral 
singularity of type (3, 1). 

Proof. Claim 1. There is a J-holomorphic (— l)-curve F in M' \{AU B') such 
that F ■ D = 1, F ■ C'j ^ 1 foT some j, F ■C[ = {),1^ j. 

Proof of Claim 1. Suppose that there is no such curve F, then all J-holomorphic 
(— l)-curves in M' \ (A U B') are disjoint from D. After blowing down all 
such (— l)-curves, denote the image of D by D' and the image of C[ by C". 
By Lemma I4.10[ there exists a (— l)-curve away from A\J B' in the resulting 
symplectic 4-manifold M" . Arguing as in other cases, any such (— l)-curve must 
be one of the C", / ^ i. After iteratively blowing down all such (— l)-curves 
we arrive at the situation depicted in Figure [TT] But this situation can not be 
minimal since if it were C,-" would have to be homologous to A and hence would 
have to intersect D" twice. Hence, again by Lemma [4. 101 there must be a (— 1)- 
curve in the resulting symplectic 4-manifold M'" away from AiJ B' . But this 
(— l)-curve must have already existed in M' \{AiJ B'), which is a contradiction 
since we are assuming that we blew down all such (— l)-curves. 

Claim 2. Let F be as in Claim 1. Then j > i. 

Proof of Claim 2. Suppose j < i, then, after blowing down all (— l)-curves in 
M' \ {AU B'), let M" denote the resulting symplectic 4-manifold and denote 
by D' the image of D and by C" the image of C;. Arguing as in the proof of 
Claim 1, we can now iteratively blow down all the curves C", I ^ i. Let M'" 
denote the resulting symplectic 4-manifold and denote by D" the image of D'. 
Since the image of the string C[, . . . , C[_i in M" intersects D' at least twice, D" 
will have a singular point away from the cusp point. Now, after contracting a 
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Figure 11: See Proof of Claim 1 

maximal family of pseudoholomorphic (— l)-curves in M"'\{A\JB'), we obtain a 
(2,2)-curve in CP^ x CP^ with at least two singular points, which is impossible. 

Claim 3. There is at most one such curve F as in Claim 1. 

Proof of Claim 3. Suppose there is more than one such curve and denote these 
curves Fi, . . . , Fj. Assume that Fi ■ C'j(;) = 1 for / = 1, . . . , s. Then, by Claim 2, 
> i for all I. First suppose that ^{l \ j{l) > i} > 2. Then after contracting all 
(— l)-curves in M' \ {AuB'), the image of the string C■_^_l, ■ ■ - C'l. in the resulting 
symplectic 4-manifold M" intersects the image of D at least twice. The proof 
is now as in the proof of Claim 2. Now suppose that ^{l \j{l) > «} < 1- Then, 
after contracting all (— l)-curves in M'\{AUB') and then iteratively contracting 
the images of the curves C;, I ^ i, denote by M'" the resulting symplectic 4- 
manifold, by D" the image of D and by Cf the image of C'^ (see Figure [T2l for 
the case s — 2). Note that this situation does not occur in CP^ x CP^ since 
C'j" is a smoothly embedded rational curve which is disjoint from A and hence 
must be homologous to A but C"' • D" > 3. Since blowing down (— l)-curves 
away from AlJ B' can only increase the intersection number C"' • D", it follows 
that M'" can also not be a blow-up of CP^ x CP^, which is absurd. 

We prove the proposition. After contracting all (— l)-curves in M' \ (A UP') 
it follows from Claim 3 that the image of the string C{ , . . . , intersects the 
image of D exactly twice. Namely, C" and C" for some j > i intersect D' . 
One can now, using Lemma l4.10|, iteratively blow down the curves C", I ^ i to 
obtain the configuration given in Figure [TOl This shows that the configuration 
{A, B' , D' , {C/}} is an admissible configuration. □ 

5 Conclusion 

In Section IH we reduced the compactification to a standard configuration of 
rational curves in either CP^ or CP^ x CP^ as follows. 

(1) Cyclic quotient singularities: two distinct lines in CP^. 
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D" Ci" 



Figure 12: See Proof of Claim 3 

(2) Dihedral singularities: a union of a 0-curve and a cuspidal curve of bi- 
degree (2, 2)) in CP^ x CP^ which intersect at the cusp point, or the proper 
transform of a union of a line and a cuspidal cubic curve in CP^ which meet 
at the cusp point under the blow-up of their transversal intersection point, 
that is, another intersection point of them. 

(3) Tetrahedral, Octahedral and Icosahedral singularities of type (3,2): a cusp- 
idal curve of degree 3 (resp. of bi-degree (2, 2)) in CP^ (resp. CP^ x CP^). 

(4) Tetrahedral, Octahedral and Icosahedral singularities of type (3,1): two 
kinds of configurations appear: 

(i) a union of CP^ x {pt}, {pt} x CP^ and a cuspidal curve of bi-degree 
(2, 2), which meet at the cusp point, 

(ii) a union of CP^ x {pt}, {pt} x CP^, a cuspidal curve of bi-degree (2,2), 
which meet at the cusp point, and another rational curve homologous 
to CPi X {pt}. 

To recover the symplectic filling X, we first sequentially blow up the man- 
ifold at points on the total transform of the divisor in the above list to get a 
closed symplectic 4-manifold Z. Then we get X as the complement of a regular 
neighbourhood of the compactifying divisor K in Z. For classification up to 
symplectic deformation equivalence, we need uniqueness of symplectic deforma- 
tion types of the standard configurations, which we can prove as in [5]. 

It is not difficult to see that for cyclic quotient singularities and dihedral 
singularities we can find links with arbitrarily many nondiffeomorphic symplec- 
tic fillings. (For cyclic quotient singularities, this fact was noted by Lisca [3].) 
However for tetrahedral, octahedral and icosahedral singularities, the number 
of symplectic fillings for each class of singularities in Tables 1, 2, 3 and 4 is 
bounded above by a number independent of b. We give a list of all symplectic 
fillings in these cases. To aid this, for the case (4ii) above, we note the following 
constraints: 

(a) if i > 1, then a ^ 2, 
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(b) if j < k, then cj ^ 2, 

(c) b < max{5, Cb-2}, 

where i is as in Figure [5] and j is as in the proof of Proposition 14. Ill In partic- 
ular, since Cb-2 ^ 6 for quotient singularities, there are only a finite number of 
symplectic filling which fall into case (4ii) above. 

The list we give below is the list of compactifications Z and compactifying 
divisors K of minimal symplectic fillings. There may be symplectically defor- 
mation equivalent fillings in the list. To get a list of minimal symplectic fillings, 
we should describe the contactomorphisms up to contact isotopies. We leave 
this as a topic for future research. 

Symplectic fillings of links of Tetrahedral, Octahedral and Icosahedral singulari- 
ties of type (3, 2) 

We use the notation (m; D ■ D, — ci, . . . , — Cfe; ai x ii, . . . , a; x i;) to denote the 
symplectic filling of the link of , Om or given as the complement of a 
regular neighbourhood of the compactifying divisor K ~ D \J Ci U ■ ■ ■ U Ck 
given in Figure [H Here — ci, . . . , —Ck denote the self-intersections of the curves 
Ci, . . . ,Ck and aj x ij denotes the existence of aj distinct (— l)-curves intersect- 
ing in Z. We abbreviate 1 x ij ^ ij. In each case we indicate whether the 
pair {Z,K) is given by blowing up (CP^, cuspidal cubic curve of degree 3) or 
{CP^ X CP^, cuspidal curve of bi-degree (2, 2)). Note that when we blow down 
the compactification Z of a symplectic filling of the link of a singularity of type 
(3, 2) we can always guarantee that we end up with CP^ unless the image of D 
under the blowing down map has self- intersection number 8. In that case we 
may also end up with CP^ x CP^. There are 16 cases where this occurs. 

Tetrahedral, Tm 



1. 


Eg 






2. 


(6(3- 


2)4 


l;5,-4;3 X 1), CP^ 


3. 


(6(4- 


2)4 


1; 5, -2, -4; 3 X 2), CP^ 


4. 


(6(4- 


2)4 


l;5,-2,-4;l,2x 2), CP^ 


5. 


(6(5- 


2)4 


1; 5, -2, -2, -4; 3 X 3), CP^ 


6. 


(6(5- 


2)4 


l;5,-2,-2,-4;l,2x 3), CP^ 


7. 


(6(5 - 


2)4 


1; 5, -2, -2, -4; 1, 2 x 3), CP^ x CP^ 
l;5,-2,-2,-4;2,3),Cp2 


8. 


(6(5- 


2)4 


9. 


(6(6- 


2)4 


1; 5, -2, -2, -2, -4; 3x4), CP^ 


10 


(6(6^ 


-2) 


-f 1; 5, -2, -2, -2, -4; 1, 2 x 4), CP^ 
-f 1; 5, -2, -2, -2, -4; 3), CP^ 


11 


(6(6- 


-2) 


12 


(6(6- 


-2) 


f 1, 5 > 7; 5, -2, . . . , -2, -4; 3 x fc), A: = 


13 


(6(2- 


-2) 


b-3 

+ 3;4,-2;l), CP^ 


14 


(6(3- 


-2) 


+ 3;5,-3,-2;l,2),Cp2 
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15. 


(6(3 — 


21 + 3 




"Jj 


-2; 2 X 1), CP2 


16. 




2^ + 3 


"-") 


—2 - 




o. 9 q\ (p p2 
— Z, Z, oj, iL'J^ 


17. 


(6(4: — 


21 + 3 




—2 - 


-3 


-2-1 3) CP^ 


18. 


(6(4- 


2) + 3 


5, 


-2,- 


3, 


-2; 1,2), CP2 


19. 


(6(4- 


2) +3 


5, 


-2,- 


-3, 


-2; 1,2), CPi X CPi 


20. 


(6(5- 


2) + 3 


5, 


-2,- 


-2, 


-3, -2;3,4), CP2 


21. 


(6(5- 


2) + 3 


5, 


-2,- 


-2, 


-3,-2;l,4),CP2 


22. 


(6(5- 


2) +3 


5, 


-2,- 


-2, 


-3,-2;l,4),CPi X CPi 


23. 


(6(5- 


2) + 3 


5, 


-2,- 


-2, 


-3, -2; 1,3), CP2 


24. 


(6(5- 


2) + 3 


5, 


-2,- 


-2, 


-3, -2; 2), CP2 


25. 


(6(5- 


2) + 3 


5, 


-2,- 


-2, 


-3, -2; 2), CPi X CPi 


26. 


(6(6- 


2) + 3 


5, 


-2,- 


-2, 


-2,-3,-2;4,5),CP2 


27. 


(6(6- 


2) + 3 


5, 


-2,- 


-2, 


-2, -3, -2; 1,5), CP2 


28. 


(6(6- 


2) +3,6 > 7; 5 




2, • • • ; 2^ 3^ 2^ ^ 
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Octahedral, O,, 



29. £^7 



(12(3 
(12(4 
(12(4 
(12(5 
(12(5 
(12(5 
(12(5 
(12(6 
(12(6 
(12(6 
(12(7 
(12(7 
(12(6 

(12(2- 

(12(2 

(12(3 

(12(3 

(12(3 

(12(3 

(12(4 

(12(4- 

(12(4 

(12(4 

(12(5- 

(12(5- 



-2) + l:5,-5;4x 
-2) + l;5,-2,-5; 
-2) + l;5,-2,-5; 
-2) + 1:5, -2, -2, 
-2) + l;5,-2,-2, 
-2) + l;5,-2,-2, 
-2) + 1:5. -2, -2, 
-2) + l;5,-2,-2, 
-2) + l;5,-2,-2, 
-2) + 1:5. -2, -2, 
-2) + l;5,-2,-2, 
-2) + l;5,-2,-2, 
-2) + l,6>8;5,- 



1), cp2 

4x 2), CP2 
l,3x 2), CP2 
-5;4x 3), CP2 
-5; 1,3 X 3), CP2 
-5; 1,3 X 3), CPi X CP^ 
-5; 2, 2 X 3), CP^ 
-2,-5;4x 4), CP^ 
-2,-5;l,3x 4), CP^ 
-2, -5; 3, 4), CP2 
-2,-2,-5;4x 5), CP^ 
-2, -2, -5; 4), CP2 
2, . . . , -2, -5; 4 X fc), fc = 6 - 2, CP^ 



2) +7 
2) +7 
2) + 7 
2) + 7 
2) +7 
2) + 7 
2) + 7 
2) +7 
2) + 7 
2) + 7 
2) +7 
2) +7 



-2,-2; 
-2,-2; 
3,-2, 
-3,-2, 
-3,-2, 
-3,-2, 
-2,-3, 
-2,-3, 
-2,-3, 
-2,-3, 
-2,-2, 
-2,-2, 



6-3 
2), CP2 
1), CP2 

-2;1,3),CP2 
-2;2x 1), CP2 
-2;2x 1), CPi x CPi 
-2; 2), CP2 
-2, -2; 2, 4), CP2 
-2, -2; 1,2), CP2 
-2,-2; 1,4), CP2 
-2, -2; 3), CP2 
-3,-2,-2;3,5),CP2 
-3,-2,-2;l,5),CP2 
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55. (12(5 - 2) + 7; 5, -2, -2. -3. -2. -2; 1. 5), CP^ x CP^ 

56. (12(5 - 2) + 7; 5, -2, -2, -3, -2, -2; 4), CP^ 

57. (12(5 - 2) + 7; 5, -2, -2, -3, -2, -2; 2), CP^ 

58. (12(6 - 2) + 7; 5, -2, -2, -2, -3, -2, -2; 4, 6), CP^ 

59. (12(6 - 2) + 7; 5, -2, -2, -2, -3, -2, -2; 1, 6), CP^ 

60. (12(6 - 2) + 7; 5, -2, -2, -2, -3, -2, -2; 5), CP^ 

61. (12(6 - 2) + 7, 6 > 7; 5, -2, ... , -2, -3, -2, -2; k-2,k),k = b, CP^ 

^ V ' 

6-3 

62. (12(6 - 2) + 7, 6 > 7; 5, -2, ... , -2, -3, -2, -2; /c - 1), A: = 6, CP^ 

^ V ' 

6-3 

Icosahedral, Im 



63. 



64. 


(30(3 - 


2) 


+ 1 


5,- 


-6;5x 1), CP2 


65. 


(30(4 - 


2) 


+ 1 


5,- 


-2, 


-6;5x 2), CP2 


66. 


(30(4 - 


2) 


+ 1 


5,- 


-2, 


-6; 1,4 X 2), CP2 


67. 


(30(5 - 


2) 


+ 1 


5,- 


-2, 


-2,-6;5x 3), CP^ 


68. 


(30(5 - 


2) 


+ 1 


5,- 


-2, 


-2,-6;l,4x 3), CP^ 


69. 


(30(5 - 


2) 


+ 1 


5,- 


-2, 


-2,-6;l,4x 3), CP^ x CP^ 


70. 


(30(5 - 


2) 


+ 1 


5,- 


-2, 


-2, -6; 2, 3 X 3), CP^ 


71. 


(30(6 - 


2) 


+ 1 


5,- 


-2, 


-2, -2, -6; 5 X 4), CP^ 


72. 


(30(6 - 


2) 


+ 1 


5,- 


-2, 


-2, -2, -6; 1,4 X 4), CP^ 


73. 


(30(6 - 


2) 


+ 1 


5,- 


-2, 


-2, -2, -6; 3, 2 X 4), CP^ 


74. 


(30(7 - 


2) 


+ 1 


5,- 


-2, 


-2, -2, -2, -6; 5 X 5), CP^ 


75. 


(30(7- 


2) 


+ 1 


5,- 


-2, 


-2, -2, -2, -6; 4, 5) CP^ 


76. 


(30(8 - 


2) 


+ 1 


5,- 


-2, 


-2,-2,-2,-2, -6; 5 X 6), CP^ 
-2,-2,-2,-2, -6; 5) CP^ 


77. 


(30(8 - 


2) 


+ 1 


5,- 


-2, 


78. 


(30(6 - 


2) 


+ 1,6> 


9; 5, -2, ... , -2, -6; 5 x fc), fc = 6 


79. 


(30(2 - 


2) 


+ 7 


3,- 


6-3 

-2;1), CP2 


80. 


(30(3 - 


2) 


+ 7 


5,- 


-4, 


-2; 2 X 1,2), CP2 


81. 


(30(3 - 


2) 


+ 7 


5,- 


-4, 


-2; 3 X 1), CP2 


82. 


(30(4 - 


2) 


+ 7 


5,- 


-2, 


-4,-2;2x 2,3), CP^ 


83. 


(30(4 - 


2) 


+ 7 


5,- 


-2, 


-4, -2; 1,2 X 2), CP^ 


84. 


(30(4 - 


2) 


+ 7 


5,- 


-2, 


-4,-2; 1,2 X 2), CP^ x CP^ 


85. 


(30(4 - 


2) 


+ 7 


5,- 


-2, 


-4, -2; 1,2, 3), CP2 


86. 


(30(5 - 


2) 


+ 7 


5,- 


-2, 


-2, -4, -2; 2 X 3,4), CP^ 


87. 


(30(5 - 


2) 


+ 7 


5,- 


-2, 


-2,-4,-2;l,2x 3), CP^ 
-2, -4, -2; 2, 3), CP^ 


88. 


(30(5 - 


2) 


+ 7 


5,- 


-2, 


89. 


(30(5 - 


2) 


+ 7 


5,- 


-2, 


-2, -4, -2; 2, 3), CP^ x CP^ 


90. 


(30(5 ~ 


2) 


+ 7 


5,- 


-2, 


-2,-4,-2;2,4),CP2 


91. 


(30(5 - 


2) 


+ 7 


5,- 


-2, 


-2,-4,-2;l,3,4),CP2 


92. 


(30(5 - 


2) 


+ 7 


5,- 


-2, 


-2, -4, -2; 1, 3, 4), CP^ x CP^ 
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93. (30(6 - 2) + 7; 5, -2, -2, -2, -4, -2; 2x4, 5), CP^ 

94. (30(6 - 2) + 7; 5, -2, -2, -2, -4, -2; 1, 4, 5), CF^ 

95. (30(6 - 2) + 7; 5, -2, -2, -2, -4, -2; 3), CP^ 

96. (30(6 - 2) + 7; 5, -2, -2, -2, -4, -2; 3), CP^ x CP^ 

97. (30(6 - 2) + 7, 6 > 7; 5, -2, ... , -2, -4, -2; 2 x (k ~ I), k), k ^ b ^ 1, CP^ 



b-3 



98. 


(30(2 - 


'2) + 


13; 4, - 


-3; 2 X 1), CP2 


99. 


(30(3 - 


-2) + 


13; 5,- 


3,- 


-3; 1,2 X 2), CP2 








+ 13 


5, 


-3, 


-3; 2 X 1,2), CP2 


1 m 


f3nf4 




+ 13 


5, 


-2, 


o 

— -J, ^ 


o. 


9 9 w o\ fp p2 
Z, Z X oj , 


102. 






+ 13 


5, 


-2, 


Q 

— o, — 


Q. 

O, 


1 9 Q^ p2 

1, Z, Oj , ^-T 








+ 13 


5, 


-2, 


Q 

— o, — 


Q. 
O, 


1 9 Q^ pi fP pi 

1, Z, oj, ^-T X 1.2^ 


1 04 


V \ 




+ 13 


5, 


-2, 


Q 

— o, — 


Q. 

O, 


1, Z X Oj, ^-T 




1 OU 1 4: 




+ 13 


5, 


-2, 


o 


o. 

o, 


9 w 9\ (P p2 
Z X Z J , 'J^-T 


-LUU . 


1 OU 1 (J 




+ 13 


5, 


-2, 


9 


o 
o, 


• 9 \^ /I ^ fP p2 


1 n? 


\0\JyO 




+ 13 


5, 


-2, 


9 


o 
o, 


■^•1 9 \^ /I ^ iT* p2 


i-UO . 


yO\JyO 




+ 13 


5, 


-2, 


_9 _ 


o, 


— V 1 9 V 4^ (Tpl V (Tpl 


1 no 


1 OU 1 (J 




+ 13 


5, 


-2, 


-2,- 


-3, 


-3; 1,3, 4), CP2 


1 1 n 


yO\JyO 




+ 13 


5, 


-2, 


-2,- 


-3, 


-3; 2, 4), CP2 


111. 


(30(5 




+ 13 


5, 


-2, 


-2,- 


-3, 


-3; 2, 4), CPi X CPi 


112. 


(30(6 


-2) 


+ 13 


5, 


-2, 


-2,- 


-2, 


-3, -3; 4,2 X 5), CP^ 


113. 


(30(6 


-2) 


+ 13 


5, 


-2, 




-2, 


-3, -3; 1,2 X 5), CP^ 


114. 


(30(6 


-2)- 


+ 13,6 > 7; 


5,-2 


■ 


.,-2,-3,-3;fc- 1,2 X fc), fc 


115. 


(30(2 


-2) 


+ 19 


4, 


-2, 


-2,- 


b- 

-2; 


-3 

3), CP2 


116. 


(30(2 


-2) 


+ 19 


4, 


-2, 


-2,- 


-2; 


1), cp2 


117. 


(30(3 


-2) 


+ 19 


5, 


-3, 


-2,- 


-2, 


-2;1,4),CP2 


118. 


(30(3 


-2) 


+ 19 


5, 


-3, 


-2,- 


-2, 


-2;2x 1), CP2 


119. 


(30(4 


-2) 


+ 19 


5, 


-2, 


-3, - 


-2, 


-2, -2; 2, 5), CP2 


120. 


(30(4 


-2) 


+ 19 


5, 


-2, 


-3,- 


-2, 


-2,-2;l,5),Cp2 


121. 


(30(5 


-2) 


+ 19 


5, 


-2, 


-2,- 


-3, 


-2,-2,-2;3,6),Cp2 


122. 


(30(5 


-2) 


+ 19 


5, 


-2, 


-2,- 


-3, 


-2,-2,-2;l,6),Cp2 


123. 


(30(5 


-2) 


+ 19 


5, 


-2, 


-2,- 


-3, 


-2,-2,-2;l,6),CPi x CP^ 


124. 


(30(6 


-2) 


+ 19 


5, 


-2, 


-2,- 


-2, 


-3,-2,-2,-2;4,7),Cp2 


125. 


(30(6 


-2) 


+ 19 


5, 


-2, 


-2,- 


-2, 


-3, -2,-2, -2; 1,7), CP^ 


126. 


(30(6- 


-2) + 


19, 6 > 7; 5 


-2, 




I ~2, 3, 2, 2, 2; fc 3, fc). 



b-3 



Symplectic fillings of links of Tetrahedral, Octahedral and Icosahedral singulari- 
ties of type (3, 1) 

Case I. 

Here refer we to final picture in Figure[5l We use the notation (m; D-D, — ci, . . . , — c^; ai x 
ii, . . . ,ai x ii) to denote the case I symplectic filling of the link of T„i, Om or 
Im given as the complement of a regular neighbourhood of the compactifying 
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divisor K = AL)BL)DL)CiU---UCk in Z. The notation is as for symplectic 
fillings of links of singularities of type (3, 2). 



Tetrahedral, T, 



127. 


(6(2- 


2)- 


H5;4,-2;l) 


128. 


(6(3- 


2)- 


1-5; 5, -3, -2; 1,2) 


129. 


(6(3- 


2)- 


h5;5,-3,-2;2x 1) 


130. 


(6(4- 


2)- 


1-5; 5, -2, -3, -2; 2, 3) 


131. 


(6(4- 


2)- 


1-5; 5, -2, -3, -2; 1,3) 


132. 


(6(4- 


2)- 


h 5; 5, -2, -3, -2; 1,2) 


133. 


(6(5 - 


2)- 


1-5; 5, -2, -2, -3, -2; 3, 4) 


134. 


(6(5 - 


2)- 


h5;5,-2,-2,-3,-2;l,4) 


135. 


(6(5 - 


2)- 


1-5; 5, -2, -2, -3, -2; 2) 


136. 


(6(6- 


2) +5,6 > 6; 5, -2,..., -2, -3 



6-3 



Octahedral, O, 



137. 


(12(2 - 


2) + 5 


2;) 






138. 


(12(3 - 


2) + 5 


5,- 


-5; 4 X 1) 


139. 


(12(4- 


2) + 5 


5,- 


-2,- 


-5; 4 X 2) 


140. 


(12(4- 


2) + 5 


5,- 


-2,- 


-5;l,3x 2) 


141. 


(12(5- 


2) + 5 


5,- 


■2,- 


-2,-5;4x 3) 


142. 


(12(5 - 


2) + 5 


5, - 


-2,- 


-2,-5;l,3x 3) 


143. 


(12(5 - 


2) + 5 


5,- 


-2,- 


-2, -5; 2, 2 X 3) 


144. 


(12(6 - 


2) + 5 


5,- 


■2,- 


-2, -2, -5; 4x4) 


145. 


(12(6 - 


2) + 5 


5,- 


-2,- 


-2, -2, -5; 3. 4) 


146. 


(12(7- 


2) + 5 


5,- 


-2,- 


-2,-2,-2,-5;4x 5) 


147. 


(12(7- 


2) + 5 


5,- 


■2,- 


-2, -2, -2, -5; 4) 


148. 


(12(6- 


2) + 5,6> 


8; 5 


-2,...,-2,-5;4x 

^ V ' 


149. 


(12(2 - 


2) + 11 


4, 


-2, 


6-3 

-2; 2) 


150. 


(12(2 - 


2) + 11 


4, 


-2, 


-2;i) 


151. 


(12(3- 


2) + 11 


5, 


-3, 


-2, -2; 1,3) 


152. 


(12(3- 


2) + 11 


5, 


-3, 


-2,-2;2x 1) 


153. 


(12(3 - 


2) + 11 


5, 


-3, 


-2,-2:2) 


154. 


(12(4- 


2) + 11 


5, 


-2, 


-3, -2, -2; 2, 4) 


155. 


(12(4 - 


2) + 11 


5, 


-2, 


-3, -2, -2; 1,4) 


156. 


(12(4- 


2) + 11 


5, 


-2, 


-3, -2, -2; 3) 


157. 


(12(5 - 


2) + 11 


5, 


-2, 


-2, -3, -2, -2; 3, 5) 


158. 


(12(5- 


2) + 11 


5, 


-2, 


-2, -3, -2, -2; 1,5) 


159. 


(12(5- 


2) + 11 


5, 


-2, 


-2, -3, -2, -2; 4) 
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160. (12(6 - 2) + 11, 6 > 6; 5, -2, ... , -2, -3, -2, -2; k-2,k),k = b 

6-3 

161. (12(6 - 2) + 11, 6 > 6; 5, -2, ... , -2, -3, -2, -2; fc - 1), fc = 6 

6-3 

Icosahedral, 



162. 


(30(2 - 


2) 


+ 11; 1; ) 




163. 


(30(3 - 


2] 


+ 11; 5, -6; 


5x1) 


164. 


(30(4 - 


2) 


+ 11; 5, -2, 


-6; 5 X 2) 


165. 


(30(4 - 


2] 


+ 11; 5, -2, 


-6; 1,4 X 2) 


166. 


(30(5 - 


2) 


+ 11;5, -2, 


-2, -6; 5x3) 


167. 


(30(5 - 


2) 


+ 11; 5, -2, 


-2, -6; 1,4 X 3) 


168. 


(30(5 - 


2) 


+ 11; 5, -2, 


-2, -6; 2,3 X 3) 


169. 


(30(6 - 


2) 


+ 11;5, -2, 


-2, -2, -6; 5x4) 


170. 


(30(6 - 


2) 


+ 11; 5, -2, 


-2, -2, -6;3, 2 x 4) 


171. 


(30(7 - 


2) 


+ 11; 5, -2, 


-2, -2, -2, -6; 5 x 5) 


172. 


(30(7 - 


2) 


+ ii;5, -2, 


-2, -2, -2, -6:4,5) 


173. 


(30(8 - 


2) 


+ 11; 5, -2, 


-2, -2, -2, -2, -6; 5 X 6) 


174. 


(30(8 - 


2) 


+ 11; 5, -2, 


-2,-2,-2,-2,-6; 5) 


175. 


(30(6 - 


2) 


+ 11,6>9; 


5,-2, .. .,-2, -6; 5 X k),k = 

V ' 


176. 


(30(2 - 


2) 


+ 17; 3, -2; 


— O 

1) 


177. 


(30(3 - 


2) 


+ 17; 5, -4, 


-2; 2 X 1,2) 


178. 


(30(3 - 


2) 


+ 17; 5, -4, 


-2; 3 X 1) 


179. 


(30(4 - 


2) 


+ 17; 5, -2, 


-4,-2;2x 2,3) 


180. 


(30(4 - 


2) 


+ 17; 5, -2, 


-4, -2; 1,2 X 2) 


181. 


(30(4 - 


2) 


+ 17; 5, -2, 


-4, -2; 1,2, 3) 


182. 


(30(5 - 


2) 


+ 17; 5, -2, 


-2, -4, -2; 2 X 3,4) 


183. 


(30(5 - 


2) 


+ 17; 5, -2, 


-2, -4, -2; 2, 3) 


184. 


(30(5 - 


2) 


+ 17; 5, -2, 


-2, -4, -2; 2, 4) 


185. 


(30(5 - 


2) 


+ 17; 5, -2, 


-2, -4, -2; 1,3, 4) 


186. 


(30(6 - 


2) 


+ 17; 5, -2, 


-2, -2, -4,-2; 2 X 4,5) 


187. 


(30(6 - 


2) 


+ 17; 5, -2, 


-2,-2,-4,-2; 3) 


188. 


(30(6 - 


2) 


+ 17,6>7; 


5, -2, ...,-2, -4,-2; 2 X (k- 

V ' 


189. 


(30(2 - 


2) 


+ 23; 4, -3; 


b-3 

2x1) 


190. 


(30(3 - 


2) 


+ 23; 5, -3, 


-3;l,2x 2) 


191. 


(30(3 - 


2) 


+ 23; 5, -3, 


-3; 2 X 1,2) 


192. 


(30(4 - 


2) 


+ 23; 5, -2, 


-3, -3; 2,2 X 3) 


193. 


(30(4 - 


2) 


+ 23; 5, -2, 


-3, -3; 1,2, 3) 


194. 


(30(4 - 


2) 


+ 23; 5, -2, 


-3, -3; 1,2 X 3) 


195. 


(30(4 - 


2) 


+ 23; 5, -2, 


-3, -3;2x 2) 


196. 


(30(5 - 


2) 


+ 23; 5, -2, 


-2, -3, -3; 3, 2 X 4) 
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197. 


(30(5 


- 2) - 


V 23; 5, -2, -2, -3, -3; 1,2x4) 


198. 


(30(5 


-2)- 


|-23;5,-2, -2,-3, -3;2,4) 


199. 


(30(5 


-2)^ 


- 23, 6 > 6; 5, -2, ... , -2, -3, -3; fc - 1, 2 x fc), fc = 

" V ' 


200. 


(30(2 


-2)- 


fc-3 

h 29; 4, -2, -2, -2; 3) 


201. 


(30(2 


-2)- 


h29;4, -2,-2,-2;l) 


202. 


(30(3 


-2)- 


h29;5,-3,-2,-2,-2;l,4) 


203. 


(30(4 


-2)- 


h 29; 5, -2, -3, -2, -2, -2; 2, 5) 


204. 


(30(4 


-2)- 


h29;5,-2, -3, -2,-2,-2;l,5) 


205. 


(30(5 


-2)- 


h 29; 5, -2, -2, -3, -2, -2, -2; 3, 6) 


206. 


(30(5 


-2)- 


V 29; 5, -2, -2, -3, -2, -2, -2; 1, 6) 


207. 


(30(6 


-2)^ 


- 29, 6 > 7; 5, -2, ... , -2, -3, -2, -2, -2; fc - 3, A:), fc 



b-3 



Case //. 

Again we refer to the final picture in Figure [S] We use the notation (m; D • 
D, — ci, . . . , — Cfc; i, j; oi x ii, . . . , a; x ij) to denote the case II symplectic filling 
of the link of T™, Om or Im given as the complement of a regular neighbourhood 
of the compactifying divisor K = A U -B U 13 U Ci U • • • U Cfc in Z . Here the 
numbers i and j denote the existence of (— l)-curves intersecting B and Ci and 
D and Cj respectively. 

Tetrahedral, 



208. (6(2 - 2) + 5; 4, -2; 1,1;) 

209. (6(3 - 2) + 5; 5, -3, -2; 1, 1; 2) 

210. (6(3 - 2) + 5; 5, -3, -2; 1, 2; 1) 

211. (6(4 - 2) + 5; 5, -2, -3, -2; 1, 2; 3) 

212. (6(4 - 2) + 5; 5, -2, -3, -2; 1, 3; 2) 

213. (6(4 - 2) + 5; 5, -2, -3, -2; 2, 3; 1) 

214. (6(5 - 2) + 5; 5, -2, -2, -3, -2; 1, 3; 4) 

Octahedral, Om 



215. 


(12(3 - 


2)H 


h5;5,- 


216. 


(12(4- 


2)H 


h5;5,- 


217. 


(12(4- 


2)H 


h5;5,- 


218. 


(12(5 - 


2)H 


h5;5,- 


219. 


(12(5 - 


2)H 


h5;5,- 


220. 


(12(5 - 


2)H 


h5;5,- 


221. 


(12(6 - 


2)H 


h5;5,- 


222. 


(12(2 - 


2)H 


hll;4. 


223. 


(12(3- 


2)H 


hll;5. 



-5;1,1;3 X 1) 
-2, -5; 1,2; 3 x 2) 
-2, -5; 2, 2; 1,2x2) 
-2, -2, -5; 1,3; 3 X 3) 
-2, -2, -5; 3, 3; 1, 2 X 3) 
-2, -2, -5; 3, 3; 2, 3) 
-2,-2,-2,-5;4,4;3) 
-2, -2; 1,2;) 
-3, -2, -2; 1,1; 3) 
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224. (12(3 - 2) + 11; 5, -3, -2, -2; 1, 3; 1) 

225. (12(4 - 2) + 11; 5, -2, -3, -2, -2; 1, 2; 4) 

226. (12(5 - 2) + 11; 5, -2, -2, -3, -2, -2; 1, 3; 5) 



Icosahedral, /, 



227. 


(30(3 - 


2) 


+ 11 


5, 


-6;l,l;4x 1) 


228. 


(30(4 - 


2) 


+ 11 


5, 


-2, 


-6; 1,2; 4 X 2) 


229. 


(30(4 - 


2) 


+ 11 


5, 


-2, 


-6;2,2;l,3x 2) 


230. 


(30(5 - 


2) 


+ 11 


5, 


-2, 


-2, -6; 1,3; 4 X 3) 


231. 


(30(5 - 


2) 


+ 11 


5, 


-2, 


-2, -6; 3, 3; 1,3 x 3) 


232. 


(30(5 - 


2) 


+ 11 


5, 


-2, 


-2, -6; 3, 3; 2, 2 X 3) 


233. 


(30(6 - 


2) 


+ 11 


5, 


-2, 


-2, -2, -6; 4, 4; 3, 4) 


234. 


(30(7- 


2) 


+ 11 


5, 


-2, 


-2, -2, -2, -6; 5, 5; 4) 


235. 


(30(2 - 


2) 


+ 17 


3, 


-2; 1,1;) 


236. 


(30(3 - 


2) 


+ 17 


5, 


-4, 


-2; 1,1; 1,2) 


237. 


(30(3 - 


2) 


+ 17 


5, 


-4, 


-2;l,2;2x 1) 


238. 


(30(4 - 


2) 


+ 17 


5, 


-2, 


-4, -2; 1,2; 2, 3) 


239. 


(30(4 - 


2) 


+ 17 


5, 


-2, 


-4, -2; 1,3; 2 X 2) 


240. 


(30(4 - 


2) 


+ 17 


5, 


-2, 


-4,-2;2,2;l,3) 


241. 


(30(4 - 


2) 


+ 17 


5, 


-2, 


-4, -2; 2, 3; 1,2) 


242. 


(30(5 - 


2) 


+ 17 


5, 


-2, 


-2, -4, -2; 1,3; 3, 4) 


243. 


(30(5 - 


2) 


+ 17 


5. 


-2. 


-2,-4, -2; 3, 3; 1,4) 


244. 


(30(5 - 


2) 


+ 17 


5, 


-2, 


-2, -4, -2; 3, 4; 2) 


245. 


(30(2 - 


2) 


+ 23 


4, 


-3; 


1,1; 1) 


246. 


(30(3 - 


2) 


+ 23 


5, 


-3, 


-3:l,l;2x 2) 


247. 


(30(3 - 


2) 


+ 23 


5, 


-3, 


-3; 1,2; 1,2) 


248. 


(30(3 - 


2) 


+ 23 


5, 


-3, 


-3; 2, 2; 2 X 1) 


249. 


(30(4 - 


2) 


+ 23 


5, 


-2, 


-3, -3; 1,2; 2 X 3) 


250. 


(30(4 - 


2) 


+ 23 


5, 


-2, 


-3, -3; 1,3; 2, 3) 


251. 


(30(4 - 


2) 


+ 23 


5, 


-2, 


-3, -3; 2, 3; 1,3) 


252. 


(30(4 - 


2) 


+ 23 


5. 


-2, 


-3, -3; 3, 3; 1,2) 


253. 


(30(5 - 


2) 


+ 23 


5, 


-2, 


-2, -3, -3; 1,3; 2 X 4) 


254. 


(30(2 - 


2) 


+ 29 


4, 


-2, 


-2, -2; 1,3;) 


255. 


(30(3 - 


2) 


+ 29 


5, 


-3, 


-2,-2,-2;l.l;4) 


256. 


(30(4 - 


2) 


+ 29 


5, 


-2, 


3, 2^ 2^ 2j 2^ 5^ 


257. 


(30(5 - 


2) 


+ 29 


5, 


-2, 


-2, -3, -2, -2, -2; 1,3; 6) 
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